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ON THE OBLIQUE DERIVATIVE PROBLEM FOR
DIFFUSION PROCESSES AND DIFFUSION EQUATIONS WITH
HOLDER CONTINUOUS COEFFICIENTS

MASAAKI TSUCHIYA

ABSTRACT. On a C2-domain in a Euclidean space, we consider the oblique
derivative problem for a diffusion equation and assume the coefficients of the
diffusion and boundary operators are Holder continuous. We then prove the
uniqueness of diffusion processes and fundamental solutions corresponding to
the problem. For the purpose, obtaining a stochastic representation of some so-
lutions to the problem plays a key role; in our situation, a difficulty arises from
the absence of a fundamental solution with C2-smoothness up to the boundary.
It is overcome by showing some stability of a fundamental solution and a dif-
fusion process, respectively, under approximation of the domain. In particular,
the stability of the fundamental solution is verified through construction: it is
done by applying the parametrix method twice to a parametrix with explicit
expression.

1. INTRODUCTION

Diffusion processes with boundary conditions on smooth domains in a Eu-
clidean space or a manifold have been constructed by several methods or in
several frameworks: by analytic methods (cf. [3], [24], [29], [30]), by using
stochastic differential equations (cf. [16], [26], [35], [21], [22]), in the martingale
formulation (cf. [28], [1], [20], [15]) and by means of Poisson point processes
of Brownian excursions (cf. [36], [31]). In the case of not necessarily smooth
domains, the Skorohod problem approach is useful for constructing diffusion
processes with reflection (cf. [32], [19], [9], [23], [S], [6], [4], [7]). In particular,
we refer to [4] for a general existence result of such diffusion processes and to
[51, [6], [7] which have a close relationship to the subject of the present paper.

In this paper, we shall focus on diffusion processes with oblique reflection
on smooth domains and treat them in the martingale formulation (see [28],
[15]). Such a process on a C2-domain D in the Euclidean d-space R? is
expected to be characterized by a second-order parabolic differential operator
& on [0, co) x D and a first-order differential operator % on [0, c0) x D
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Z aij(s, x) 8 /0x;0x;

i,j=1

& =H(s,x;05,0¢):=0/0s +

NI'—'

d
+ 3 bi(s, x)3/dxi +c(s, x),

i=1

[N

B=RB(s,x;0): Z (s, x)8/0x; + (s, X).

Throughout this paper, we assume that the coefficients of &/ and % are
bounded, the matrix (a;;(s, x)) is symmetric, and c(s, x) and y(s, x) are
nonpositive. Moreover we assume %/ and % are nondegenerate: the diffusion
matrix a(s, x) = (a;;(s, x)) is positive definite and the vector field f(s, x) =
(Bi(s, x)) is in the inward direction. Let

L =L(s,x;0,0):=1p(x)Z (s, x; 05, Ox) + lap(x)B(s, x; ),

where 1,4(x) denotes the indicator of a set 4. Under Holder continuity of
a;j(s, x) and Pi(s, x), we first prove the uniqueness of solutions to the mar-
tingale problem and the coupled martinagle problem for . with ¢ =y = 0
(Theorem 2.5), and next prove the uniqueness of fundamental solutions to the
terminal value problem for ¥ = 0 (Theorem 2.8).

Our key tool for proving the first result is some stability of a fundamental
solution to the terminal value problem for . = 0 on the upper half space
under approximation of the domain (see Theorem 4.1); restricting the domain
to the upper half space does not lose the generality because the localization
argument can be applied (see [28]). Although the authors of [2] and [12] have
constructed fundamental solutions on general domains, it is hard to verify the
stability through the construction of the fundamental solutions. Hence we give
another way of constructing a fundamental solution on the upper half space.
The uniqueness of solutions to the coupled martingale problem is used to obtain
the second result.

The main results (Theorems 2.5 and 2.8) are stated in §2. Section 3 is de-
voted to the construction of a fundamental solution on the upper half space
(see Theorem 3.3). In §4, we discuss the stability of the fundamental solution
constructed in §3 (see Theorem 4.1). In §5, we prove Theorems 2.5 and 2.8.
We give some additional remarks in §6.

2. THE STATEMENT OF THE MAIN RESULTS

First we shall give some notation and definitions used later. We call a function
(O Cg(Rd) a defining function of an open set D in R? if D = {x: ®(x) >
0}, 0D = {x: ®(x) =0} and |V®(x)|>1 for x €dD.

Now we define the martingale problem for .4, where .4 = 1p.% + 15p.%)
denotes the operator . with ¢ = y = 0. When we consider the martingale
problem, we assume that the domain D has a defining function ®. Let W =

C([0, ) — RY) and, for w € W, let X(t, w) = w(t). Denote by %, the

-ﬁeld generated by X(u) (s < u < t) and let #Z° = #.0. Moreover, we set

W = C([0, ) — D).
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Definition 2.1. We say that a probability measure P on (W, #") is a solution
to the martingale problem for .% starting at (s, x) (s >0, x € D) if
i) P(X(s)=x)=1;
(i) P(OW)=1;
(iii) there exists a {%,°}-adapted continuous increasing process {/(¢)} such
that

EP[l(H)] < 40 foranyt>s,
t
I(t) = / lop(X(u))dl(u) for anyt>s (P-a.s.),
s
and for every f € C;°%([0, co) x D)

My(t) = f(t, X(t) - (s, X(s)) - / stof (u, X(u))du
-/ ' Bof(u, X(w)) dl(w)

is a P-martingale with respect to the filtration {7Z/°}.

The equivalence between the martingale problem and the submartingale prob-
lem for .4 is obtained by Theorem 2.4 of [28] and Theorem L.2 of [15]. That
is, the following holds.

Proposition 2.2. Assume that for some é > 0
B(s,x) - V®(x)>d forall(s,x)e[0, o00)xdD.

Then a probability measure P on (W, #") is a solution to the martingale
problem for %, if and only if P is a solution to the submartingale problem for
4.
Next we consider the coupled martingale problem for % . Let
V' =C([0, ) — R)

and U = W x V. Assume that W, V and U each are equipped with the
locally uniform convergence topology. For v € V', set L(t, v) := v(t). Denote
by %} the o-field generated by (X (u) , L(u)) (s <u <t) and let Y =% .1f
weset V ={L € V: L isincreasing}, V is a closed subset of V.
Definition 2.3. We say that a probability measure P on (U, %) isa solution
to the coupled martingale problem for .4 starting at (s, x) (s >0, x € D) if

(i) P(X(s)=x,L(s)=0)=1;

(i) PWxV)=1;

(iii) EP[L(t)] < +oo forany ¢ > s,
L(t) = / Nop(X(u) dL(u) foranyt>s (P-as),
and for every sf € C, ([0, o) x D)
B 4(0) = 0 X(0) = 5, X)) - [ 6.1 t, X @)~ | B, X(w) L)

is a P-martingale with respect to the filtration {%}.
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As described in Remark 1 in [15], we have

Proposition 2.4. If P is a solution to the martingale problem for %, then the
probability measure P on (U, %) induced by the process {X(t), l(t)} is a
solution to the coupled martingale problem for % .

We set the following assumption for the coefficients of .& .

(A-1) (i) a;; (i,j=1,2,...,d) are bounded (a/2, a)-Hoélder continuous
real functions defined on [0, o) x D, and b; (i = 1,2,...,d) and c are
bounded continuous real functions defined on [0, co) x D.

(ii) a(s, x) is positive definite for each (s, x) € [0, c0) x D.

(i) B (i = 1,2,...,d) are bounded (a/2, a)-Holder continuous real
functions defined on [0, oo) x D, and y is a bounded continuous function
defined on [0, oco) x 8D.

(iv) There exists a positive constant J such that

B(s, x) - VP(x) > for (s, x)€[0, o0) x dD.
Here a function f(s, x) defined on [0, co) x D (resp. [0, oo) x dD) is called
(a/2, a)-Holder continuous (0 < a < 1) if there exists a positive constant K
such that

1f(x,8) = f(s", x")| < K{Js = 5'|*/* + |x — x'|*}
for every (s, x), (s', x') € [0, 00) x D (resp. [0, o0) x 8D).

The first main result is

Theorem 2.5. Under the assumption (A-1), the martingale problem and the cou-
pled martingale problem for £ each have a unique solution for any starting

point (s, x) € [0, 0c0) x D. Furthermore the diffusion process defined by the
solutions to the martingale problem has a transition density.

Next we state the notion of a fundamental solution to the terminal value
problem for £ =0.

Definition 2.6. Let D be a C?-domain. A function p(s, x;t,y) (0 < s <
t; x,y € D) is called a fundamental solution to the terminal value problem for
ZL(s, x; 05, 0,) =0 if
(i) p(s,x;t,y) is measurable;
(ii) foreach t>0 and y € D
P(-,-;t,y) e CH%([0, 1) x D)Nn C°% ([0, t) x D)

and
Z(s, x50, 00)p(s, x51,y)=0 for(s,x)€[0,)xD;
(iii) foreach t>0 and ¢ >0

sup /_|P(S,X;1,J’)|dy<+oo,
(s,x)€[0,)xD YD

sup [ |0xp(s, x5 t,y)|dy < +o0,
(s,x)€[0,t—e)xD /D

sup /_las'"@;'.v(s, x;t,y)|dy < +oo
(x,s)€[0,t—e)xD, YD

provided 2m 4+ n =2, where D, = {x € D: d(x, dD) > ¢};
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(iv) for every f € Cy(D)

lim/_p(s,x;t,y)f(y)dy:f(x) for x € D.
stt Jp

Remark. 1t is clear that each Green’s function constructed in [2] and [12] be-
comes a fundamental solution in the sense of Definition 2.6.

We impose an assumption on the domain D.

(A-2) Each of the connected components of the boundary is a C2-hypersur-
face, and the domain D satisfies a uniform interior sphere condition and a
uniform exterior sphere condition, that is, there exists a positive constant r
such that for each x € 8D we can find two balls B; and B, satisfying the
conditions:

(1) the radius of B; is greater then r (i =1, 2);

(2) Byc D¢ and B, C D;

(3) BynD = {x} and B,N D¢ = {x}.

Remark. Assuming both the uniform sphere conditions is equivalent to doing
the existence of a tubular neighborhood of the boundary with uniform thickness.
If the boundary 0D is compact and each of its connected components is a
C2-hypersurface, then the domain D automatically satisfies both the uniform
sphere conditions.

Proposition 2.7. Assume that the domain D satisfies the assumption (A-2). Then
D has a defining function ® with |V®(x)| =1 for every x € D.

Proof. Let r be the constant which appears in the condition (A-2). Define

Pp(x)=< 0 forx e dD,

{d(x,aD) forx e D,
—d(x,d0D) forx € D°.

Then, from the proof of the result of [13, Appendix] or [14, Appendix B], it
follows that ®, is of C2-class in {x € R%:d(x, D) < r}, the derivatives
up to the second order are bounded near the boundary 4D and |V®y(x)| =1
for every x € 8D . Using a partition of unity, we can construct the desired
function ®. 0O

The second main result is

Theorem 2.8. Suppose that (A-1) and (A-2) are satisfied. Then for any funda-
mental solution p(s, x;t,y) the following equalities hold:

/Ep(s, x;t,)f(y)dy
=E; x [f(X(t)) exp { / t c(u, X(u)du + / l y(u, X(u)) dL(u)}]

§ s

=E; [f(X(t)) exp {/: c(u, X(u))du + /sl y(u, X(u)) dl(u)}]
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for every f e Cy(D), whe're_FS,,c (resp. E; x) denotes the expectation with re-
spect to the unique solution P , (resp. P; x) to the coupled martingale problem
(resp. the martingale problem) for % starting at (s, x) € [0, 00) x D.

Remark. If we further assume that p(s,x;t,-) is continuous, then p(s,x;t,y)
is uniquely determined and nonnegative.

Corollary. Given t > 0, let u(s, x) € Cy([0, t] x D)n C}>'([0, t — €] x D) N
C1-2([0, t) x D) for each ¢ >0 and

P(s,x;05,0)u(s, x)=0 for(s,x)€[0,t)xD.

Then u(s, x) has the representation
us,x)= [ ps.xi6,ute.»)dy (s, %) €0, 1% D),
D

provided a fundamental solution p(s, x;t,y) exists.

3. CONSTRUCTION OF A FUNDAMENTAL SOLUTION ON THE UPPER HALF SPACE

In this section, we take D and % as in the form:

={X=(x1,-~,x :xd>0}’

d)
d-1

B =B(s,x;00)=0/0v(s, x)+ Y mils, x)8/0xi + (s, x),
I=1

where 9/0v(s, x) = %Zjﬂ ayj(s, x)8/dx; is the conormal derivative with
respect to the operator & .

Throughout this section, we assume the following conditions:

(A-1") (i) aij, b; and c are bounded (a/2, a)-Hollder continuous real
functions defined on [0, c0) x D ;

(ii) (aij(s, x)) is uniformly positive definite;

(iii) u; and y are bounded (a/2, a)-Holder continuous real functions on
[0, 00) xdD.

1° . First we give a parametrix to the terminal value problem for the equation
Z =0 and investigate its property. For 1 >0 and n€ D, let

—

d

A= (1,050, 0¢):=0/0s+5 Y aij(t, n)d*/0x0x;,
i j=1

_ d-1

B =B(t,n;0:)=0/00(v, n)+y_ uilt, n)d/0xi,

i=1

N[ —

where 9/0v(t, 1) 221 1 a4j(t, n)d/0x; . Furthermore let
3 E-C/(T, n; 0s, Ox) == lD(x)M(T, N5 0s, 0x) + laD(X)«%’(T, n; Ox).

We call the fundamental solution p*:"(s, x; ¢, y) to the terminal value problem

for F=0a parametrix to the terminal value problem for & =0.
Before giving the precise expression of p™ (s, x; t, y), we shall introduce
some notation. Let S = (s;;(7, 7)) be the symmetric positive square root of
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(aij(t, n)) and s; = si(t, n) the ith column vector of S(i=1,2,...,d).
Construct an orthonormal system {tz, Zy_1,..., i} from {sz,85-1,..., 51}
by the Gram-Schmidt orthogonalization and set T := (ty, t2s..-» tq). If we
set U =ST, then U = (u;;) has the following form:

_[0
U_[O udd]’

where U isa (d — 1) x (d — 1)-matrix and

iy
U =
? [ Udd ]

is the dth column vector of U . Note that u;; = u;;(7, r)~) (i,j=1,2,...,d)
are bounded (a/2, a)-Hélder continuous in (z, 1), U is nonsingular and
Uga = \/aq4(t, 1) > 0. Define three (d — 1)-column vectors /i, ji' and " as
follows:

ﬁ(Ta r’) = (Ili(T, ”)) )
B= R, )= (it 1)+ 384T, m),
ﬁ" = ﬂ”(‘l’, ’7) = 2add(T, ")_lﬁ/(‘r’ ")

To simplify typography, henceforth, we shall assume that a point of R? or
R9-1 is indicated as a row vector, but in the matrix multiplication it acts as a
column vector.

Let g(t, u) be the one-dimensional Gauss kernel, that is,

g(t, u) = (2nt)"?exp {——g—j-} .

Define
h(t, u):= — a—‘g(t, u)
bl au bl
d—1
G(t, %)= [] &t. x),
i=1
where % = (X1, X3, ..., Xq_1) € R%71.
Then the parametrix p*:7(s, x; ¢, y) is given by
poN(s, x;t,¥)=p"(s, x5t, )+ (s, x5, ),
where
p‘lt,n(ss X;t, y) = G(t -5, (7-1()? —j} - u;‘}(Xd —yd)ad))
x {g(t—s, uzh(xs —va) — 8t =5, ugj(xa+y4))} detS™",
oo
py (s, x5, )= 2u;¢}/0 G(t—s, UM (x =y —ugj(xq —ya + Dita +1"))
x h(t—s, uz}(xg +yq+1)detS~' dl,

where x = (x1, X2, ..., Xq) = (X, xg) (see [33~] for derivation of the explicit
formula for the parametrix). Of course, U = U(t, 1), #tg = ita(t, n), dga =
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ugq(t,m), S = 8(r,n) and p" = u’(zr,n). Then p™"(s, x;t,y) >0 and,
foreach 1>0,¢1>0 and 5,y €D,

ZL(t,n;0,0)p""s, x;t,y)=0  ((s,x)€[0, ) x D),
/_p""(s,X;t,y)dy=1,
D

and further we have the following estimates. In the following, by a(dn) we
mean the surface element on 9D, that is, a(dn) = dfide(dng) (n = (7, na)) .

Proposition 3.1. For nonnegative integers m , n, there exist positive constants K
and C such that

_ 2
0 IBrogp® s, xi 1, )] < K(1=s) @immitexp {2
for t>0,0<s<tand n,x,y€eD;
(ii)

10p™"(s, x5 ¢, y) —05p™"(s, x'; 1, p)

—y|? 1 _ |2
< K|x — x'|(t — 5)~@d+n+D/2 [exp{—C—lxt _J;| }+exp{—C—|xt_“:| }]

for t>0, 0<s<tand n,x,x,yeD;

(iii) 807 p™ % (s, x5 1, y) = 0mdp™ (s, x5 1, y)|
—vl2
< Klé _ 7]|a(t _ S)—(d+2m+n)/2 exp {_Clxt —il }

for t>0,0<s<tand &,n,x,yeD;
(iv) ‘/Dasma;‘pf,rr(s, x;T, n)dn‘ < K(1 — )~ @mn=-a)2

for t>0, 0<s <7t and x € D provided 2m+n>1;

op™"

\%
™ ap 0X;

2
(s, %51, n)a(dn)‘ < K(1-95)"*"exp {—C —Tx_"s}

for 1<j<d-1,1t>0, 0<s<tand xeD;

op™" "
BDWP);(S,X; T, ﬂ)a(a'n)l <K(t—-5) /2-1

(vi)

for t>0, 0<s<7tand xedD.

Remark. The constant C in Proposition 3.1 depends only on the bound of the
eigenvalues of the diffusion matrix (a;;(s, x)). Therefore, the constants C in
Theorems 3.3 and 4.1 below have the same dependency.

For the proof of Proposition 3.1, we need the following lemma.
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Lemma 3.2. Let & := i —u3}ily. Then, for & >0, there exist positive constants
K and C such that
(3.1) )

/oo exp —slU (E =P —ugy(Xa = ydz)(’;d ";)15)|2 + |ug (xq + ya + 1)|2} dl
0 —_—

_ w2
< K(t-s)"?exp {—C%}

for t>0, 0<s<tand n,x,yeD.
Proof. For simplicity, we set ¢ = 1 and let
E=%—J —up)(xa — ya)ia.

If we make the substitution p = uj)(xs + y4 +[)/v/T— s, then the left-hand
side of (3.1), say I/, is given by

00 I7 2 — 2 _ 2
w7 | exp{_IU( — (52 + )8 + |ug VI=5pS] + (= 5)p }dp,
Po

2(t—s)
where po = ug (x4 + y4)VT—5. We define

W =UU* (the symbol * denotes the transposition of matrix),
a:={(1+d,W15.8)/2}'72,
A= {ugaW 1€ - (x4 +y4)8) - 8} /{20 =5},
o i= (W (€ = (Xa +ya)d) - (€ = (xa +va)3) /{201 — )2,
Then

~

(T = (x4 +Ya)8)? + |uaaVT=35p8 > + (¢ — 5)p*1/{2(t - 5)}
=(ap+4)? -2+«
Therefore, if we make the substitution 8 = ap+4 and define x := pg+A4, then

I=a'ugsV/t—sexp(A? - xz)/ exp(—62)dé.
x
First we consider the case y > 0. Then the inequality

/ "~ exp(~6?)d0 < exp(~1?)

x

implies

I <a'uggv/t—sexp(A? — k? — x2).
Now
Rk = (W E v u(xg + ya)?Y (2t - 5)}

2 {W lé'f“" udd(xd _yd }/{2([—5‘)}
= U~ (x = »)P/{2(t - 5)}
=187 (x - »)P/{2(t - 5)}
> Clx —y|*/(t-s)
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for some positive constant C ; hence

2
Iga“udd\/mexp{—C—l)C Vi }

t—s
Next we consider the case y < 0. Note that
x <0 iff —WE-3>uX(xs+Ya)
On the cther hand,
Bk = — (4= )}V S+ {2k +ya) W IE 6
+ i A(WE-EW15-8) - (W'E-8)*} + (xa +ya)’ W5 - 8]
— {4a¥(t — )} "W IE E+ uby(xa +ya)?}
—Clx -yl /(t—>s)

for some positive constant C ; here, for simplicity, we use the same letter C as
above. Hence

— Ix Y|2 _p2
I <aluz/t—sexp exp( 0-)do

<
<

2
= vra luyzyV/t - sexp {—Cu} .

t—s
Consequently we complete the proof. O
Proof of Proposition 3.1. In the proof, we consider that each of the letters K

and C may denote different constants in different places.
(i) For simplicity, we only treat the case m = n = 0. We first observe that

0<pl (s, x5 t,y) <G(t—s, UNE - P — uz}(xa — va)ita))
x g(t—s, ug;(xg —yq))detS™!

|U=N(% = § — ugs(xq — Ya)ital? + |ug" (xa + va)?
2(t—s)

< K(t—s)"%exp {—

S K(t _.S)—d/z exp {_w}

2(t—s)
w2
< K(t—s)‘d/zexp{—Cl—xT_—_%l}

for some positive constants K and C.

Since u;dl and detS~! are bounded, we see that

0<py"(s, x;t,y)
oo
<K(t —s)‘("‘“‘)”/0 Uz} (xq +yq+ 1)1 —5)"'?

T % — 5 — u= oes — v )ity + 162 + |u=) N
Xexp{_lU (X -y —ug;(xq ydz)(l;djs) )2+ |ugy (xqg +ya +1)] }dl

for some positive constant K . The fact
(3.2) sup p¥ exp(—ep?) < +oo fork >0 and & >0,
p20
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implies that for 0 <¢e < 1

Py (s, x5 t,p) < K(t—s)"@+D/2
{o o} ~_1 o = 1 B 5 B 2
x/ eXp{—(l—s)|U (X —J — gy (Xa — ya)itg + 10)]

0

2(t—s)

lug)(Xa +va+ )2
+ 2 =) dl

with a positive constant K . Hence, from Lemma 3.2, we have

T —dj2 Ix — y|?
0<py"(s, x5t,y) <K(t—s)""?exp —C=——"1.

Therefore, the assertion (i) is proved.

(ii) As in the proof of Theorem 7 in [10, p. 17], we can prove the assertion
by using (i) and the following fact: Let 0 < C’ < C and |x — x| <Vt-=s
Then, for every x” belonging to the line segment joining x and x’

b P
exp{ C s

cc _ /lx_ylz} { /I _ylz}]
Sexp{c_c,}.[exp{ Ct——S_ A €xXp C R s

where a A b = min{a, b}.
(iii) For simplicity, we only prove the assertion in the case m = n = 0 for
py"(s, x5, ). Let

A=|U7"(1, &% =5 — ugh(r, &)(xa — ya + Dita(z, &) + 1it" (z, &)
+|udd(T &) (xa +ya+ D),

=Tz, )% —§ — ugh(v, m)(xg — ya + Dita(z, m) + 1" (z, n))P?
+ |udd(7-" m(xXa+ya+ l)lz-

Then

Py(s, x5t,¥)—pi (s, x;1,)
= K(t = 5)" D2 {uz (e, §) detS™! (¢, &) — uzl(z, n)detS~!(r, n)}

x/ (xd+yd+l)exp{_5(t‘i_s)_} dl (=1
+K“d2(‘f n)detS~(t, n)(t — 5)~@+2/2

x/ooo(xd+yd+l)[exp{ 2(t‘4 s)} exp{ 2(tB )}] dl (=)

with a positive constant K . Using the boundedness and (a/s, a)-Hélder con-



268 MASAAKI TSUCHIYA

tinuity of u;7detS~', Lemma 3.2 and (3.2), we see that

1| < K|& —n|*(t - S)'(d“)/z/o Uz (T, &)(Xg +ya +1)(t = 5)7'?

x exp {_TtA:s—)} dl

SK|¢—nr'(t—s>-<d+‘>/2/°°exp{-(1-s) AS)}dl O<e<l)
0

—vl2
<Kl =l — 9P exp { ~c 2L

for some positive constants K and C. The boundedness and (a/2, a)-Holder
continuity of U~!, @t; and ¢ imply the inequality

|4 — B| < K|& = n*{|x = yI* + (x4 + va + 1)}
with a positive constant K . Therefore, using the inequality
|exp(—a) — exp(—b)| < %{exp(—a/Z) + exp(—b/2)}|a - b| (a,b>0),

we have

o A B
k=i et |ool-is ool
|| < K(t-5) A (Xa +ya +1) [exp N A S ()
X &= nl*{lx —yI* + (Xg +ya + )*} (e —s)" ' dl
with some positive constant K ; hence, by Lemma 3.2 and (3.2),
_ 2
) < KIg = (e = )4 exp {~c =20

with some positive constants K and C. Thus the assertion (iii) is proved.
The assertions (iv), (v) and (vi) follow, exactly in the same way as in [18,
p. 357], from the equalities [, p**(s, x; 7, n)dn=1,

ap**
ap 0X4

op*¢

> %) (s, x;7,ma(dn) =0,
J

(s,x;7,n0a(dn) =0 and

respectively. O

2°. Now, using the idea of the parametrix method, we shall construct a
fundamental solution to the terminal value problem for the equation & = 0.
In what follows, we set

(s, x5t,y)=p"(s, x;t,y),
g(s, x;t,y):=(s, x; 0, 0)D(S, X3 1, ).

Consider the integral equation for an unknown function ¢(s, x; ¢, y) (0<
s<t,xeD,yeD):

t
¢(s,x;z,y>=a(s,x;t,y)+/ dr/Da(s,x;r,n>¢(r,n;t,y)dn.
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Then, owing to Proposition 3.1, we can solve the equation by iteration and
obtain necessary estimates for ¢(s, x; ¢, y) in the same way as in Chapter 4
of [18]. Therefore, if we set

t
p(s,x;5t,y) :=ﬁ(s,X;t,y)+/ dr/Di(s,x;r,'7)¢(T,rl;t,y)d'7
s

(0<s<tand x,yeD), then p(s, x; ¢, y) satisfies the conditions (i), (ii):
(i) foreach t >0 and y € D, p(-,-;t,y) € CH2([0, t) x D) and
M(S9x;639ax)p~(s3x; tay)’—_o fOI'(S,)C) G[O) t) XDa
(ii) for T > 0, there exist positive constants K and C such that

_ 2
|0m0rp(s, x; t, y)| < K(t — )@/ exp {—Clxt _J;I }

for 2m+n<2,0<s<t<T and x,y€eD.
Next define

G(s,x;t,y):=B(s,x;0)p(s,x;t,y) (0<s<t,xedD,yeD).

Then it satisfies the following estimates:
(1) Given T > 0, there exist positive constants K and C such that

—vl2
1G(s, x5, )| < K(t—s)~@+1-9/2exp {—C%}

for 0<s<t<T,xe€dD and yeD.
(i) Given T > 0 and <’ € [0, o), there exist positive constants K and C
such that

ld(s, x5 t,y)—4(s, x'5¢t,p)

—vl2 I _ 4|2
< le _ xlla'(t _s)—(d+l—a+a )/2 [exp {—Clx yl }+exp {_Clx yl }]
t—s t—s
for 0<s<t<T, x,x €D and yeD.
Consider the integral equation for an unknown function (s, x;¢,y) (0 <
s<t,xedD,yeD):

t
y(s, x; t,y)=d(s,x;t,y)+/ dr/wd(s,x; T, my(t, n;t,y)a(dn).
)
We can also solve the equation by iteration and see that y(s, x; ¢, y) has the
same type estimates as §(s, x; ¢, y). If we set
t
p(s,x;t,y):=p(s, x; t,y)+/ dt/wﬁ(s,x; T, ny(t, n;t, y)o(dn)
s
(0<s<tand x,yeD),then p(s, x; t, y) becomes a fundamental solution

to the terminal value problem for . = 0. That is

Theorem 3.3. The function p(s, x; t,y) satisfies the following:
(i) p(s, x;t,y) is continuous.
(ii) Foreach t >0 and y € D,

p(-,+51,9) € C*([0, 1) x D)n C% ([0, t) x D)
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and
$(5>X;as,6x)P(5,X;t,y)=0 for(S,X)G[O,t)X5.

(iii) Suppose that n =0, 1. For each T > 0, there exist positive constants
K and C such that

|2
051191 2 K- =20

for 0<s<t<T and x,y€eD.

(iv) Suppose that 2m +n = 2. Then, for given p > 1 and T > 0, there
exist positive constants K and C such that

10707 p(s, x5 t, ¥)| < K{(t — 5)"@+D/2 4 x7P(1 — 5)~(d+2-a=p)}

A=yl
xexp{ C s

for 0<s<t<T,xeD and yeD. _
(v) For every bounded continuous function f defined on D,

131?11 Bp(s, x;t, ) f(y)dy = f(x)

boundedly in x € D.

Proof. A large part of the proof is carried out by the standard argument as in
Chapter 4 of [18]; so it is omitted. We only note the following two points.

(1) In order to prove that p(s, x;t, y) satisfies the boundary condition, we
use the jump relation for p(s, x; ¢, y): for xo € D

9

t .
o / dt/ P, x;t,my(t,n;t,y)o(dn)|x=x,
d Js oD

t a~
=/ dt a—p(s, Xo; T, My (T, n;t,y)o(dn)
(s+1)/2 ap 9Xq

(s+1)/2 aﬁ
+/ dr/ 0, xos T, m{w(t,n;t,y)—w(t, x0; t, y)}o(dn)
s op 0Xg

(s+2)/2 aﬁ
+/ "’(T’xo?”J’)df/ o, 85 %05 T, ma(dn)
S ap 0X4
—2az,(s, xo)¥(s, X0 t, V).

This is reduced to verify the following fact

/ W(T, x05 b, Ph(z -5, uzM(s, xo)r) dt

w? 1 |
= s+—,x;t,y)———‘/2exp— 2}dp
/ z(,,_s,-n"’( > % =" exp{p/2)

—y(s,x;t,y) asr|0,

where w = u (s, xo)r.
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(2) For the proof of (iv), we use the following inequalities

(s+1)/2
a;"a;*/ dr/aDﬁ(s,x; T, my(t, n;t, y)a(dn)
s
(s+1)/2
< K/ (1 — 5)~@+D/2(f _ g)=~(@+1-a)/2 go
S

_ Ix—nlz} {_ Irz—ylz}
x/aDexp{ C [ CXP C — o(dn)

[T ] 2
< K(t _S)—(d+1—a)/2 eXp{—Clxt _)’| }exp{— t_yjd_s}

s
(s+2)/2 X2
x/ (t—s)‘3/2exp{— —L} dt
A T—3

¥ — 3|2 2
< de_p(t_s)—(d+l—a)/2 exp{_clxt _.T;l }exp{_c_}id__}

t—s
(s+1)/2 2
x / (-5 expd -C' 2L b dr (0<C'<C)
s

—vl|?
< Kx;P(t - 5)"@+2-a=)2 exp {_C, |xt _J;I } ‘

Remark. We may assert that, by more careful calculation, p in (iv) of Theorem
3.3 can be chosen in the interval (0, 1); it is also verified by using a result of [2]
or [12] and the uniqueness of fundamental solutions (see Remark stated below
Theorem 2.8). If the coefficients B; of the boundary operator % are more
smooth, then p can be regarded as zero (cf. [8], [11]).

4. A STABILITY THEOREM FOR THE FUNDAMENTAL SOLUTION

We discuss the stability of the fundamental solution p(s, x; ¢, y) construct-
ed in §3. Therefore we use the same notation as in §3. Let us extend the domains
of the coefficients of the operator . as follows. For x = (%, x;) € R? with
x4 <0,let x = (%, 0) and define

a;i(s, x):=aj(s, x), bi(s, x):=bi(s,x), c(s,x):=c(s,x);

Ui(s, x) == pi(s, x), (s, x):= (s, x);
d
& =5(s,x;0,0):=08/0s+ E (s, x)02/dx;0x;

l ,j=1

d
+ bi(s, x)0/0x;+¢(s, x);
i=1

d-1
B =HB(s,x;0)=0/0v(s, x)+ Zgi(s, x)3/dx; +y(s, x),
i=1
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where 9/0v(s, x) = %EL ai(s, x)0/dx;. For n=1,2, let

1
D, = {x=(x1,x2, ,xd):xd>—;}

and
G =Z(s, x; 05, 0x) i=1p,(x)K (s, x; 05, Ox) + lop,(x)Z(s, x; Ox).
Then the parametrix p,’"(s, x; ¢, ) to the terminal value problems for %, =
0 on the domain D, is given by
(s, x5 8, y) =Dy (s, X5 6, Y)+ DS, X5 L, p).
Here

pyl(s, x5 t,y) =Gt —s, UM% = § — uz)(xa — va)ity))

x {g(z s, 47} (% = ya))

- g (t—s,gd (xd+yd+2>)}det§"l,

P:,:’zl(S,x;t,Y)3=2Z;;/0 G(t—s5, U (& =9 -z} (xa — va + Ditg + I1"))
xh(t ,gdd(xd+yd+’21+l))det§_“dl,

Yhere’vx = (xl,XZ, ceey xd) = (X,Xd),y = (.VI,J/'2, oo ;yd) = (ﬁ’yd), and
U=U(t,n), 2y =it(t, 1), etc., are defined from (a;(7, 1)) and (ui(z, 1))
as U(t, n), #4(t, n), etc., respectively. In the same way as in 2° of §3, we can
construct a fundamental solution p,(s, x; ¢, y) to the terminal value problem
for %, =0 on the domain D, and it satisfies the same properties as in Theo-
rem 3.3 with replacing D, D and x; by D,, D, and x; + n~!, respectively.
Moreover we should notice that the constants K and C in Proposition 3.1
and Theorem 3.3 can be chosen so as to be independent of n. Following the
construction of the fundamental solutions, we further see that

Theorem 4.1. For [ =0, 1, we have
(i) 8lpa(s, x5 t,y) = 0{p(s, x;t,y) as n— oo
for 0<s<tand x,y€D;
(ii) for any T > 0, there exist positive constants K and C such that

—_vl2
|04pa(s, x5 1, y)| < K(t = 5)~@*0! exp{—Clxt—_J;—l}

for 0<s<t<T,x,yeDand n=1,2,....

5. PROOF OF THE MAIN RESULTS

1°. Proof of Theorem 2.5. The existence of solutions to both the problems is
known (see [28], [15]); so we have to prove the uniqueness of solutions and the
existence of a transition density. Then we can use the localization argument
(see [28, p. 193]; [27, Theorem 3.1, Lemma 3.6, Theorem 3.4]) and hence, in
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the rest of the proof, we assume that D is the upper half space. Moreover, we
may assume that the coefficients b; of the first order term of % are equal to
zero (see [28, Theorem 5.5]).

First we treat the martingale problem. Given any f € Cy(R%) and ¢ > 0,
define

(5.1) Uy(s, X) 1= /Bp(s,x; t,y)f(y)dy,

(5.2) v (s, x) 1= / Pals, x3 £, V) dy,

where p(s, x;t,y) and p,(s, x;t,y) are the fundamental solutions con-
structed as in §3 on the domams D and D, for %4 and %, respectively.

Then, for any ¢ € (0, ?), v, Cl '2([0, #]1xD) (n=1,2,...) and, by using
Theorem 4.1, we see that
0" (s, %) < KIS lloo;
8xv" (s, X)| < K(t = )" lloo 5

v (s, x) > v(s,x) asn—oo for(s,x)€[0,t)xD;

B(s,x; 00" (s, x) - B(s, x; 0)v,(s, X) asn— oo
for (s,x)€[0,t)xdD;
(5.3) 1B (s, x5 3)v™(s, x)| S K(t =) f lloo

for (s, x) € [0, #'] xdD. Let P be any solution of the martingale problem for
Z starting at (s, x) € [0, oo) x D. Then, for s<?¢ < ¢,

Ep® (@, X(¢)] - v™(s, x) [ / B (u, X(w))dl(u))

because .%v,(")(u, y) =0 for (u,y)€[s, ] xD. Since E[I(f')] < oo, noting
(5.3), we have

E l / " B, X(u))dl(u)] ~0 asn - oo;

hence
(5.4) Efu,(t', X(t'))] = vi(s, x).

We take the limit of the left-hand side of (5.4) with respect to ¢ 1 ¢. Then we
see that
E[f(X()] = vi(s, x);

this yields the uniqueness of solutions to the martingale problem and the exis-
tence of a transition density.

Next we show the uniqueness of solutions to the coupled martingale problem.
For any y < 0, we set

.@y =B + Y,

and denote by p’(s, x;t, y) (resp. pi(s, x;t,y)) the fundamental solution
constructed as in §3 on D (resp. D,) for 1p% + 15p%, (resp. 1p, &, +
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1op,#,). Define v/(s, x) and v, ’(")(s, x) as in (5.1) and (5.2) replacing
p(s,x;t,y) and pu(s, x;¢,y) by p’(s, x;¢t,y) and pj(s, x; ¢, y), respec-
tively. Let P be any solution to the coupled martingale problem for .%, starting
at (s, x). Then, for s<? < t,

Ep]" "', X(¢)) exp{yL(t)}] - v]* (s, x)

=E [ / " Bl ™, X(w) exp{yL(w) dL(u)] :

because v (u,y) = 0 for (u,y) € [s, ] x D. In the same way as the
case of the martingale problem, we see that

ELA(X (1) exp{yL(t)}] = v (s, x) = /D PG5, x5 1, 9 () dy;

hence each one-dimensional marginal distribution of P is uniquely determined
and this implies the uniqueness. 0O

2°. Before proving Theorem 2.8, we shall make a perparatory consideration.
We take the defining function ® of D constructed in the proof of Proposition
2.7. Noting that ®(x) = d(x, dD) for x € D with d(x, dD) < r/4, we see
that for x € D with d(x, dD) < r/4 there exists a unique X € 8D such that
d(x,8D) = |x —X| (see [25, Theorem 1.8]). Therefore we extend the domain
of B(s, x) in the following way. For s >0 and x € D with d(x, dD) <r/4,
we set _

B(s, x) = B(s, X).

Then B(s, x) is bounded continuous in [0, co0) x {x € D: d(x, dD) < r/4}.
Moreover we see that V®(x) is parallel to V®(X) and |V®(x)| = |[VO(X)|
(cf. [14, Appendix B] or [25, Theorem 1.8]); hence B(s, x)-V®(x) = B(s, X) -
VO(X). For k >0, we let

Dy = {x € R?: ®(x) > k}.

Then D, c D. Let 5o > 0 and xy € D. Choose a positive number ky such
that ko < r/4 and xo € Dy for every k € (0, ko). We may assume 0D; is
contained in the set {x € D: d(x,dD) < r/4} for every k € (0, ko). Thus if
we define the operator &y = B(s, x; dx) on [0, o) x Dy by

Bo(s, x;0x)=B(s,x)-V,

then the coefficients of the operators % and %, are continuous and uniformly
bounded in k € (0, ko), and further for any k € (0, ko)

B(s, x)-V®(x) > for (s, x) €[0, co0) x Dy,

where J is the constant in (A.1)(iv). For each k € (0, ky) we take a solution
P, to the coupled martingale problem on D; for 1p % + lapkﬁ’o starting
at (sg, xo) . Then the family {P;} of solutions is tight, which is proved as in
Theorem 1.14 in [15]. Therefore there exists a sequence {k,} such that kolO
and Pk converges weakly to a probability measure P as n — oo. Then we
have
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Lemma 5.1. Any limit point P of the family {Py} is a solution to the coupled
martinagle problem on D for £ starting at (s, Xo).

Proof. For f € C,:’Z([O, ) x R?), we set

M (1) = £(t, X(8) = f(50, Xo) - / Stof (u, X(u))du

- / "o f(u, X(u) dL().

For notational simplicity, we suppose P, — P weakly as k | 0. Then it is
obvious that P[X(sy) = X, L(so) = 0] = 1 and P[W x V] = 1, because
{X(s0) = x0, L(s0) = 0} and W x V are closed sets in U. Now we take a
continuous nonnegative function g defined on R? such that the support is
compact and contained in D. Then for sufficiently small k the support of g
is contained in D, . Since

t
P, [L(t) = / lop, (X () dL(u) for t > so] =1,
So
for sufficiently small k
t
yo [ / g(X(u))dL(u)] —0 fort> s.

Note that for every ¢ > so the function (X, L)e W x V — f g(X(u))dL(u)
is continuous. Next we take a sequence {/,,} of bounded contmuous functions
defined on [0, oo) such that h,(/) =1 for 0 <! < m, hy(l) =0 for | >
m+1 and 0 < h,(/) < 1. Then, for each positive integer m , the function
(X, L)€ W xV — hn(L(1)) [; (X (4))dL(u) is bounded and continuous. We
extend the domain of this function in such a way that it is bounded continuous
on U; th1s is possible because W x V isclosed in U . Therefore the equalities
P [W x V] P[W x V] =1 imply

E [in(0) | s0c) 4200 = imEs [bm(zao) [ s0x@par] =o.
Letting m — oo, we have
E [ / t g(X(u))dL(u)] —0 fort> s
Therefore .
P [/ g(X(u))dL(u) =0 for ¢ Zso] =1;
hence 0 .
14 [L(t) - / lon(X () dL(u) for t > so] -1,

Now we prove E[L()] < +oo for > sy. For the defining function ®, Me(?)
is a Pj-martingale with respect to the filtration {#%®} for each k and

(Mo)(1) = / "av® - VO, X(u)du

So
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(cf. [15, Theorem 1.1]). Noting that

Bo®(u, x)=B(u, x) - vd(x)>8 for (u, x) € [so, 00) x ODy,

we see that
SL(t) < St_0q>(u, X(u))dL(u)
= ®(X(t)) — D(sp) — /S t o®(u, X(u))du—Mo(t), Pr-as.;
hence 0

S’Ei[L(t)’] < 4 {Fk [D(X (6)*] + Ex[®(X (50))°]

+Ek

(/s‘:%d)(u, X(u))du)z} +Ek[(ﬁ¢)(t)]}.

The boundedness of the coefficients of .24 and the fact ® € C2(R?) imply

sup E[L(1)?] < +o0.
k

Since h,,(L(¢))L(t)? is bounded continuous in L of ¥,

E[hm(L(1)L(1)*] = lgpgfk[hm(L(t))L(t)zl < sgkaIL(t)zl-

Letting m — oo, we have E[L(t)’] < +oo; hence, E[L(?)] < +oo. Finally we
shall show that M ((¢) is a P-martingale. We note that, for each t > 5o, M /()
is continuous in (X, L) of W x V and, for so <t < ¢,

hn(LAVM () - M, (1)) (m=1,2,...)

are bounded continuous in (X, L) of W x V. For So<tgy<---<t,<t<?t
and bounded continuous functions go(x, /), ..., gn(x, [), define

G(X, L) := g(X(t0), L(%0)) - - ga(X(tn) , L(tn));
then
E{M(¢) - M/ (1)}G(X, L)] =0.
Therefore
|Eilhm(L(){M 4(f') - M s(1)}G(X , L)]|
= |Ex[{hm(L(t")) = I{M;(t') - M;(1)}G(X, L)]|
< K(|Glloo{I1f loo + 10x.f Nloo + 182 S lloo YEX[{1 — Am(L(2'))}]

+ K||GlloollOx f oo Ex[{1 = hm(L(£'))}L(2")]
< KiPy[L(t') > ml+ KR Ex[L(¢'); L(t') > m],
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wheré we set
K1 = K[|Glloo{llf loo + 105 lloo + 182 f I} and Kz = K||Glloo[|0xf l|co-
This yields that
[Ex[Am(L(){M (') = M (1)}G(X , L)]|
< Kin sup ELlL(1)7] + Koy sop ELLL(Y
Since the left-hand side of the inequality above converges to
[Elhm(L)N){Mf(¢) - My()}G(X, L)]| ask 10,
tending m to infinity, we have
EUM () - M,(1)}G(X , L)] =0

that is, {Jl_lf(t)} is a P-martingale. This completes the proof. O

Proof of Theorem 2.8. For fixed s > 0 and x € D, we choose a positive
number ko such that x € Dy, , and for each k € (0, kp) we take a solution

P, to the coupled martingale problem on D, for 1p 9%+ lapk§0 starting at
(s, x). Then, by Theorem 2.5 and the result described above, it follows that
P, converges to the unique solution P , to the coupled martingale problem
on D for % startingat (s, x) as k | 0. Now we take a fundamental solution
p(s, x; t,y) to the terminal value problem for .2 =0 and set, for ¢ >0,

ve(s, X) = /L_)p(s,x; L, y)f(y)dy.

Then, for s<t <t,
t/
E, [v,(t’, X(t’))exp{/ c(u, X(u))du
tl

(5.5) + [ oty X(u))dL(u)}] ~vils, %)

! u

=E; [/ Fov(u, X(u))exp{/ y(t, X(t))dL(r)} dL(u)] .

When k tends to zero, the expectation of the left-hand side converges to the
expectation of the same integrand with respect to P; , . The right-hand side of
(5.5) is estimated as follows:
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E [ /S o, X(u)exp { / e, X(r))dL(r)} dL(u)]

N

<E, [ / Bovi(u, X(w) dL(u)]
<E, [hm@(t')) / Bovi(u, X(u))ldL(u)]

(5.6) +Ex [{1 — hm(L())} / \Bovi(u, X (u))IdL(u)}

e [Bm(L(?)) / Bovi(u, X(u))| dL(u)

t
N

Sl

<

+

KIoev o EALL(); L) 2 m]

=

<

v ]
|2 [ @i, X)) dL(w
S
1 —
+ K||8xv¢]loo— sup Ex[L(£')?].
m
The first term of the last right-hand side of (5.6) converges to

ES,X

ho(L(2')) / Bovi(u, X(u))|dL<u)}

as k | 0 and the limit is equal to zero because Zv;(u,y) =0 for (u,y) €

[s,t) x 8D, and the second term of the last right-hand side of (5.6) converges
to zero as m — oo . That is,

/

E; « [v,(t', X(t'))exp{/’ clu, X(u))du+/t

=v,(s, X);

y(u, X(u))dL(u)}]

hence, then ¢ 1 ¢, we have

E; . ['o,(t, X (1)) exp {/stc(u, X(u))du+ /sty(u, X(u))dL(u)}] = (s, X).

This proves the assertion when x € D. If x € D, we take a sequence {_x,,}
such that x, € D and x, — x as n — oo. Then P; ,, converges to Ps
weakly as n — oo . Therefore we also have the same conclusion for x € 9D. O

Remark. From the proof of Theorem 2.8, we see that, under the assumption
(A-2), the conclusion of Theorem 2.8 is essentially due to the uniqueness of
solutions to the coupled martingale problem.

6. ADDITIONAL REMARKS

1°. If the Holder exponent o of the coefficients of & is greater than
1/2, then it is possible to construct a fundamental solution to the terminal
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value problem for . = 0 on the upper half space by applying the parametrix
method once (see [34]).

2°. By using the parametrix given in §3 and by applying the parametrix
method twice as in §3, a fundamental solution to the terminal value problem for
Z =0 on a smooth compact domain in a Riemannian manifold is constructed
in [17].

3°. Under the same situation as in Theorem 2.5, by a method similar to [37],
we can verify the uniqueness of invariant probability measures for the diffusion
process.

4°. In contrast with the case where the coefficients B; of the boundary
operator & are smoother (see [8], [11]), -Z has no fundamental solutions
with C2-smoothness up to the boundary in general. We shall give such an
example. Let us take D, &¥ and & as follows:

D={x=(x, xz)‘ x2 >0} (the upper half plane),
i} 0
Y = 3s + 2A F = ,u(xl)— + 5;;

where u(x;) is a bounded, positive, a-Hélder contmuous, nowhere differen-
tiable function (0 < o < 1). Then the fundamental solution p(s, x; ¢, y) to
the terminal value problem for . = 0 does not have the C2-smoothness up to
the boundary. First, we note that, foreach ¢t >0 and y € D, 22 (L, Y)#0
on [0, t)xdD. Infact, if 5)%( ,*3t,y)=0on [0, t)x8D, by the uniqueness
result (Theorem 2.8, Remark), p(s, x; ¢, y) is the fundamental solution to the
terminal value problem for 158 + 15p%, = 0, where %, = 3x ; that is,

p(s,x;t,y)=8(t—s,xi=y){gt—s,x2—y2)+8g(t—s, X2+ )}
Therefore

6’—‘D(s,x;t,y);ﬁo for (s, x) € [0, t) x 8D with x; # y;;

this leads to a contradiction. Hence there ex1sts a point (sp, xo) € [0, ¢) x D
such that —P—(so, Xo;t,y) # 0 (hence, 2 3 =L (so, x0; t,y) # 0); then for x =
(x1, 0) near xg

__op : 9p :
/.l(XI)— aXZ(SO’x,t,y)/axl(so’x,t,y).

The condition p(so, -; ¢, y) € C*(D) implies that u(x;) is differentiable; this
contradicts the assumption on u(x;).
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